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ABSTRACT
Azimuthal surface waves are eigen electromagnetic waves of cylindrical metallic waveguides with plasma filling. Azimuthal surface waves of
extraordinary polarization are known to be effectively excited by a beam of electrons gyrating in an axial external static magnetic field along
large Larmor radii around the plasma column. Beam excitation of azimuthal surface waves was well studied theoretically in both linear and
nonlinear approaches. An important limitation of the earlier studies was the approximation of zero axial wavenumber. In the present paper,
perturbation theory is applied to account for finite magnitude of the axial wavenumber of electromagnetic surface waves in studying their
excitation by an electron beam. The dependence of the wave growth rate on the axial wavenumber and parameters of the plasma waveguide
is studied. The results obtained in this paper are of interest for application in plasma electronics.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5090238
I. INTRODUCTION
Azimuthal surface waves (ASWs) are electromagnetic waves
which propagate across the axis of cylindrical metallic waveguides
both without any magnetic field and in the presence of an axial exter-
nal static magnetic field B0.
1 Absence of axial wavenumber provides
the possibility to split the Maxwell equations for electromagnetic
waves into two independent subsets. One of the latter describes ASWs
with ordinary polarization (OASWs). They propagate with the com-
ponents Ez, Hr, and Hu of the electromagnetic field, and their disper-
sion properties do not depend on the presence of the axial external
static magnetic field B0. The other subset of the Maxwell equations
describes ASWs with extraordinary polarization (XASWs). They prop-
agate with the components Hz, Er, and Eu of the electromagnetic field,
independently of the OASWs.
If the plasma particle density is sufficiently large and the B0 is
weak enough so that Xe
2 > xe
2, XASWs propagate in two frequency
ranges1 (here Xe is the plasma (Langmuir) frequency of electrons, and
xe is the electron cyclotron frequency). One of them, being referred to
as low frequency (LF) range, includes the electron cyclotron frequency
and is under consideration in this paper. The other range lies higher—
above the upper hybrid frequency. It is out of the scope of the present
study, although XASWs can be also excited there.2
The assumption that the Langmuir frequency is higher than the
electron cyclotron frequency cannot be considered as a strong limita-
tion of applicability of the results obtained in the present paper. For
the conditions of a modest university laboratory, a plasma particle
density of ne  1012 cm–3 is not exotic. To provide the inequality Xe2
> xe
2 for this ne, one should apply an external static magnetic field B0
 3.2 10–3 ffiffiffiffinep  0.3T. Even stronger B0 can be used if semicon-
ductor plasmas are considered3 for which the density ne  1019 cm–3
of n-type conductivity electrons is achievable.
In the opposite case, Xe
2 < xe
2, the possibility of XASW excita-
tion in the ion cyclotron frequency range by a gyrating beam of light
ions in cylindrical metallic waveguides partially filled with plasma is
demonstrated in Ref. 4.
The presence of the azimuthal component Eu of the wave electric
field provides the effective interaction of XASWs with a flow of
charged particles which gyrate in B0 along large Larmor radii.
4–6
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For the most beam-plasma parameters, LF ASWs with azimuthal
wavenumber m use to be excited due to interaction with the beam
cyclotron harmonic s¼m. This is true also for m> 1. However, the
neighboring harmonics s¼m6 1,m6 2 can also contribute to the LF
ASW excitation. Two physics mechanisms of resonance overlapping
in the excitation of azimuthal surface waves by rotating relativistic
electron beams were demonstrated in Ref. 7.
One of the most important drawbacks of all the previous numer-
ous studies of XASW beam excitation consists in neglecting the possi-
ble nonzero axial wavenumber kz of the wave. For example, in large
orbit gyrotrons,8,9 the electromagnetic cavity mode is close to cutoff
(small kz). However, account for kz 6¼ 0 can be carried out with the
help of the perturbation theory. This approach was demonstrated to
be effective for studying the dispersion properties of long-wavelength
electromagnetic surface waves with the arbitrary magnitude of the azi-
muthal wavenumberm propagating along the plasma-metal boundary
in an axial external static magnetic field10 and in a cylindrical wave-
guide partially filled by isotropic plasma.11 In the presence of nonzero
kz, the Maxwell equations do not split into independent subsets for
OASWs and XASWs—these two modes appear to be coupled.
However, for long-wavelength waves (with a small magnitude of the
kz), the coupling can be considered as weak and kz as the small param-
eter of the problem.
There is no doubt that numerical methods are powerful tools for
solving the problems of plasma electrodynamics. For instance, the
results of numerical study of the dispersion properties, wave field
structure, and energy characteristics of traveling electromagnetic non-
symmetric surface waves with azimuthal wavenumbers m ¼ 62, 63
in axial external static magnetic field were considered in Ref. 12.
Influences of the effective collision frequency, axial current, dimen-
sions of coaxial waveguide system, and plasma particle density radial
profile on dispersion properties and attenuation of symmetric (m¼ 0)
electromagnetic waves were numerically studied in Ref. 13. The solu-
tion of the dispersion equation in the case of dipolar waves (m ¼ 61)
was reported to be a more complicated problem because of the pres-
ence of the set of eigen solutions of the dispersion relation.
This paper is organized as follows: application of the method of
successive approximation to the description of the wave field spatial
distribution is given in Sec. II. The method to properly describe the
wave fields in the region where the electron beam gyrates is presented
in Sec. III. The dispersion relation which describes the initial stage of
the beam excitation of surface type electromagnetic waves with a posi-
tive azimuthal wavenumber and small axial wavenumber is derived in
Sec. IV. The results of a comprehensive numerical analysis of the influ-
ence of the nonzero axial wavenumber on the wave growth rate are
presented in Sec. V. The conclusions with discussions of the results are
summarized in Sec. VI.
II. DESCRIPTION OF THE WAVE FIELDS IN THE
PLASMA REGION
Electromagnetic waves propagating with axial wavenumber kz,
azimuthal wavenumberm, and angular frequency x are under consid-
eration. Their wave fields can be written as Ez and Hz ¼ f(r)exp[i(kzz
þ mu –xt)]. These waves are excited in a metallic cylindrical wave-
guide of radius b. The waveguide is partially filled by a cylindrical uni-
form plasma column of radius a< b (see Fig. 1).
The electrodynamic properties of the plasma placed into a uni-
form axial external static magnetic field~B0k~z are described by the per-
mittivity tensor of a cold collisionless plasma.14 The expressions for
the components of the permittivity tensor are as follows:










x x2  x2a
   ie2; (2)






where Xa andxa are the plasma and cyclotron frequencies of the par-
ticle species a , respectively, and er is the dielectric constant of the
metamaterial or of the crystal lattice of the semiconductor (er > 1),
for gas plasmas er ¼ 1.
One can derive the following set of two second order differential
equations for the axial components of the wave electric Ez and mag-































Ez ¼ M̂Bz: (5)
The right hand sides of Eqs. (4) and (5) have the following form if
























FIG. 1. Cross-section of the plasma-filled waveguide with a gyrating electron beam.
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The set of coupled equations (4) and (5) for the axial components of
the electromagnetic field Ez and Bz for arbitrary values of the axial
wavenumber kz and for a homogenous plasma in uniform axial static
magnetic field was derived in Ref. 15.
In a plasma with the uniform particle density ne, the depth of H-
wave (ordinarily polarized) ko
1 and E-wave (extraordinarily polar-
ized) kx
1 penetration into the plasma is determined through the com-
ponents (1)–(3) of the permittivity tensor eik
k2o ¼  x=cð Þ
2e3 þ k2z ; k2x ¼ x=cð Þ
2N2x ;








The condition that the real part of Nx
2 should be positive deter-
mines the frequency ranges within which the waves are of surface
nature in the plasma, which means that the wave amplitudes decrease
with going away from the plasma boundary into the plasma depth.





= X2e þ x2e
 q
< x < jxej; jxej < x < x1;
(9)






















The range (9) coincides with that obtained for XASWs1 in the limiting
case kz! 0. Note that Re(ko2)> 0 in the range (9) as well.
The solutions of Eqs. (4) and (5) can be found by the variation of
constants
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W u; ~uð Þ : (12)
In (11) and (12), the functions w(r) and u(r) are solutions of Eqs. (4)
and (5) with zero right hand sides, respectively, which are finite at the
cylinder axis, r¼ 0. The functions ~wðrÞ and ~uðrÞ are the solutions of
the same equations which are linearly independent of the functions w
and u . The solutions (11) and (12) include two constants of integra-
tion A1 and A2 since the other two constants of integration are already
chosen to satisfy the boundary conditions that the wave fields Ez and
Bz should be finite at the waveguide axis, where the functions ~u and ~w














The Wronskian of the functions u (r) and ~uðrÞ is inversely propor-
tional to the radial coordinate r







In the considered case of uniform plasma particle density and
external static magnetic field, w(r)¼ Im(kxr) is a modified Bessel func-
tion, ~wðrÞ ¼ Km(kxr) is a McDonald function, u(r) ¼ Im(kor), and
~uðrÞ ¼ Km(kor).16 Their Wronskians (13) and (14) are equal to each
other
W Im kxrð Þ; Km kxrð Þð Þ ¼W Im korð Þ; Km korð Þð Þ ¼ 1=r: (15)
To derive the dispersion relation, one also needs the expression

















Hereinafter, Nu ¼ cm/(xr).
III. DESCRIPTION OF THE WAVE FIELDS IN THE BEAM
REGION
The electrodynamic properties of the space a< r < b, where the
electron flow gyrates, are described by the permittivity tensor eik
(b).5,14
Its components, used in the following, are as follows:





















Js mð ÞJ 0s mð Þ
 0
s y þ
Js mð ÞJ 0s mð Þ
s yð Þm











2 J 0s mð Þ
 2
sy þ















In (17)–(20), X2b ¼ 4pe2nbm1e is the plasma frequency of the electron
flow squared, y ¼ xc=jxej, c is the relativistic Lorentz factor, t is
velocity of the electron flow, the superscript (b) indicates that the value
corresponds to the beam region (a< r < b), and JsðxÞ a Bessel func-
tion of the first kind. A prime denotes the derivative with respect to
the argument.
The electron flow particle density is assumed to be small, a  nb/
ne 1. This results in violation of the inequality Xe2 > xe2 assumed
to be valid for the plasma region. In the beam region (a< r < b), the
plasma frequency is assumed to be sufficiently small, so that Xb
2
<xe
2, and the waves under study are of bulk nature. The electromag-
netic wave fields are found from the Maxwell equations (4) and (5)
with the following replacements:
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k2o ! kðbÞ2o ¼ x=cð Þ
2eðbÞ33  k2z ; k2x ! kðbÞ2x ¼ x=cð Þ
2NðbÞ2x ;
N2x ! NðbÞ2x ¼ e
ðbÞ













Smallness of the electron flow particle density makes it possible
to neglect the right hand sides of Eqs. (4) and (5) and write down the
solutions to the Maxwell equations in the following form:


























The expressions (22) and (23) for both axial components of electro-
magnetic field Bz
(b) and Ez
(b) already satisfy the boundary conditions
at the metallic wall [Eu









and that is why they contain only one constant of integration each (A3
and A4).
IV. DISPERSION RELATION
The four constants of integration [A1 and A2 in (11) and (12), A3
in (22), and A4 in (23)] can be determined as the result of application
of the following four boundary conditions. They are continuity of the
tangential wave fields Eu, Ez, Bu, and Bz at the plasma column inter-
face r¼ a. To satisfy these boundary conditions, the determinant con-
structed from the coefficients nearby the constants Ai should be equal
to zero, which gives the dispersion relation. After calculating the deter-
minant and neglecting the small terms of higher than the second
order, the dispersion relation reads as
DoDx ¼ D1: (25)
The general form of (25) is typical for dispersion relations of two
modes with weak coupling.17
In (25), Do is dispersion relation of ordinary ASWs








JmðkðbÞo bÞ N 0m kðbÞo a
 
 NmðkðbÞo bÞ J 0m kðbÞo a
 h i
; (28)
a31 ¼ Im koað Þ; (29)
a33 ¼ Jm kobð ÞNm koað Þ  Nm kobð ÞJm koað Þ½ ; (30)
and Dx is dispersion relation of extraordinary ASWs
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a42 ¼ Im kxað Þ; (34)
a44 ¼ N 0m kðbÞx b
 





In (25), D1 is their coupling parameter which has a value of the
second order in the small parameter of the problem kz
D1 ¼ a24a42ða13a31  a11a33Þ þ ða14a41  a11a44Þða23a32  a33a22Þ
þ a13a44ða21a32  a31a22Þ þ a41a24a12a33: (36)
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a32 ¼ i Km koað Þ
ða
0
rIm korð ÞM̂Im kxrð Þdr; (41)
a41 ¼ i Km korð Þ
ða
0
rIm kxrð Þk2xK̂ Im korð Þdr: (42)
The dispersion relation (25) is analyzed here under the following
resonance condition:
x ¼ x0 þ dx ¼ sjxejc1 þ dx; (43)
where s is an integer, x0 is the wave eigenfrequency in the plasma
waveguide without the electron beam, and dx is the complex correc-
tion to the frequency caused by the interaction of the beam electrons
with the plasma. The imaginary part of dx is the wave growth rate.
V. NUMERICAL ANALYSIS OF THE DISPERSION
RELATION
To carry out numerical analyses of the dispersion relation (25),
the following dimensionless values are used in Figs. 2–5. The utilized
abscissa axis is as it was in Refs. 1, 2, and 5: kef ¼ mc/(aXe). This is
explained as follows. The characteristic azimuthal wavenumber of
the waveguide with plasma column of the radius a is determined by ku
¼ m/a and the effective azimuthal wavenumber kef is m/a normalized
by the skin-depth d ¼ c/Xe. Increasing kef means decreasing plasma
radius a and/or decreasing plasma particle density ne. The ordinate
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axis is chosen as the imaginary part of the frequency normalized by
the electron cyclotron frequency, Im(x/jxej), except in Fig. 3 in which
the influence of the axial external static magnetic field B0 is examined.
Normalization by jxej is improper for studying the effect of B0 on
excitation of long wavelength electromagnetic waves since jxej is pro-
portional to B0. That is why in Fig. 3 the imaginary part of the fre-
quency normalized by the plasma frequency, Im(x/Xe), is chosen as
ordinate.
All Figs. 2–5 exhibit two sets of curves. One of these sets presents
the wave growth rate Im(x) for Z Xe/jxej ¼ 7.5, a ¼0.01, b/a¼ 1.2,
and m¼ 1 (shown by dashed curves) which is chosen to serve for
comparison. The other set contains six curves and depicts the reduc-
tion of the wave growth rate with increasing axial wavenumber from
kza ¼ 0 to kza ¼ 0.2, 0.4, 0.6, 0.8, 1. Within this range of the dimen-
sionless variable kza, the condition of applicability of the method of
successive approximations is valid. For the case of long wavelength
surface wave propagation in a cylindrical metallic waveguide entirely
filled by plasma, this condition was derived in Ref. 11 analytically as
kzað Þ2  8m2 1þ k2ef
 
: (44)
During carrying out the calculations in the present paper, specific
attention is given to follow the change of the real part [Re(x/jxej)] of
the wave frequency. In the following, the maximum deviation of
Re(x/jxej) calculated for kza¼ 1.0 from that calculated for kza¼ 0 is
observed for the set of beam-plasma parameters which correspond to
the conditions of Fig. 5. In this case, Re(x/jxej) increases by 27% from
Re(x/jxej) ¼ 0.623 to 0.793 with increasing kza from kza¼ 0 to
kza¼ 1.0.
Increase of kz from kza ¼ 0 to kza ¼ 0.2 causes a negligible
decrease in Im(x/jxej), and the curves which correspond to kza ¼ 0
and kza¼ 0.2 are almost indistinguishable in Figs. 2 and 4.
FIG. 2. Wave growth rate Im(x/jxej) vs kef and kza for Z¼ 7.5, a ¼ 0.01, b/
a¼ 1.2, and m¼ 1, 2.
FIG. 3. Wave growth rate Im(x/jxej) vs kef and kza for Z¼ 10 (solid curves) and
Z¼ 7.5 (dashed curves), a ¼ 0.01, b/a¼ 1.2, and m¼ 1.
FIG. 4. Wave growth rate Im(x/jxej) vs kef and kza for Z¼ 7.5, a ¼ 0.01, b/
a¼ 1.1 (solid curves), and b/a¼ 1.2 (dashed curves), and m¼ 1.
FIG. 5. Wave growth rate Im(x/jxej) vs kef and kza for Z¼ 7.5, a ¼ 0.001 (solid
curves) and a ¼ 0.01 (dashed curves), b/a¼ 1.2, and m¼ 1.
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In Fig. 2, the wave growth rates are calculated for the following
beam-plasma parameters: Z ¼ Xe/jxej ¼ 7.5, a ¼ 0.01, and b/a¼ 1.2.
The two sets of curves correspond to two different magnitudes of the
azimuthal wavenumber: m ¼ ¼ 1 (dashed curves) and m¼ 2 (solid
lines). Them-values are displayed nearby the sets. Increase of the axial
wavenumber from kz ¼ 0 to kza¼ 1.0 for the wave with m¼ 1 is
accompanied by a 20% decrease in the maximum growth rate from
Im(x/jxej) ¼ 0.162 which is observed for kef ¼ 0.105 to Im(x/jxej)
¼ 0.129 which is achieved for smaller kef ¼ 0.09. In other words, the
magnitude of kef for which the growth rate reaches its maximum
decreases by 14%. This tendency, decreasing of kef value, for which the
growth rate reaches the maximummagnitude, with increasing product
kza, is a common feature of the curves in all Figs. 2–5.
To demonstrate how the increase in the azimuthal wavenumber
m influences the dependence of the growth rate on the axial wavenum-
ber, the growth rates are calculated also in Fig. 2 for the same beam-
waveguide parameters as for the wave with m¼ 1 except m which is
increased to m¼ 2. In this case, the maximum growth rate decreases
by 7% from Im(x/jxej)¼ 0.175 which is observed for kef¼ 0.22 when
kz ¼ 0 to Im(x/jxej) ¼ 0.163 which is achieved for kef ¼ 0.2 when
kza¼ 1.0. The position of the growth rate maximum shifts only by 9%.
This result (weaker effect of axial wavenumber on the beam wave exci-
tation for larger azimuthal wavenumbers) is predictable from the point
of view of general physics since the wavenumber ratio kz/ku is smaller
for largerm.
To show the effect of the external static axial magnetic field B0 on
the beam wave excitation, the growth rates are calculated in Fig. 3 for
weaker B0. All the beam-plasma waveguide parameters are the same as
in Fig. 2 except Z, which is increased to Z¼ 10.0. This results in a
decrease in B0 by 25%. In this case, the maximum growth rate
decreases by 19% from Im(x/jxej) ¼ 0.18, which is observed for kef
¼ 0.08 when kz ¼ 0, to Im(x/jxej) ¼ 0.145 which is achieved for kef
¼ 0.07 when kza¼ 1.0. So the position of the growth rate maximum
shifts only by 12%. The decrease in B0 is accompanied by a weaker
influence of the axial wavenumber on the wave growth rate.
The influence of the relative gap width (b – a)/a on the depen-
dence of the growth rate on axial wavenumber is shown in Fig. 4. To
calculate the growth rates in Fig. 4, the same beam-plasma parameters
are used as in Fig. 2 except the gap width which is smaller, (b – a)/a
¼ 0.1 (solid curves), in this case. The maximum wave growth rate
decreases by 15% from Im(x/jxej)¼ 0.167 in Fig. 4, which is observed
for kef ¼ 0.105 when kz ¼ 0, to Im(x/jxej) ¼ 0.142 which is achieved
for kef ¼ 0.1 when kza¼ 1.0. So the position of the growth rate maxi-
mum shifts only by 5%. The decrease in the gap width is also accom-
panied by a weaker influence of the axial wavenumber on the wave
growth rate.
The wave beam-plasma instability growth rate is well-known to
decrease with decreasing beam particle density. To demonstrate the
effect of the parameter a on the dependence of the Im(x/jxej) versus
the axial wavenumber, the growth rates are calculated in Fig. 5 for the
same beam-plasma waveguide parameters as in Fig. 2 except a which
is decreased by ten times to a ¼ 0.001 (solid curves). It should be
noted that the classical theory of the beam-plasma instability18 predicts
the decrease in the wave maximum growth rate caused by a decrease
in the beam particle density by ten times by the factor0.464, whereas
the numerical analysis gives 0.525 which can be considered as a
good qualitative agreement. The growth rate reaches its maximum for
kz ¼ 0 in Fig. 5 for the same magnitude of kef ¼ 0.105 as in Fig. 2. The
maximum wave growth rate decreases by 53% from Im(x/jxej)
¼ 0.085 in Fig. 5 which is observed when kz ¼ 0 to Im(x/jxej) ¼ 0.04
which is achieved for kef ¼ 0.05 when kza¼ 1.0. This means that the
position of the growth rate maximum shifts by 52%. The decrease in
the beam particle density enhances the influence of the axial wave-
number on the wave growth rate.
As a practical example to evaluate the possibility of experimental
realization of long wavelength surface wave excitation, the following
parameters of the beam-plasma system are chosen.19 The plasma fre-
quency is Xe  1.261 1011 s–1 for the plasma particle density ne
 5 1012 cm–3. The effective wavenumber is kef  0.059 for the first
azimuthal wavenumber m¼ 1 and the plasma column radius a
 4 cm. The electron cyclotron frequency is jxej  1.616 1010 s–1 for
the external static axial magnetic field B0  920 G. The wave radial
phase shift Du within the gap a< r < b  4.8 cm, where the electron
flow gyrates, appears to be small, Du  0.167. The beam electrons
move with the velocity t  0.923c, which corresponds to the relativis-
tic Lorentz factor c  2.591. The long wavelength surface waves with
kz¼0.09 cm–1 are excited with the frequency f 1GHz and the growth
rate Im(x) 7.8 107 s–1.
VI. CONCLUSIONS
In the present paper, the initial stage of surface type electromag-
netic wave excitation by a relativistic electron flow which gyrates in a
narrow gap separating a dense plasma column from a metallic wall of
a cylindrical waveguide is studied. The consideration is limited to the
case of long-wavelength waves with small magnitudes of axial wave-
number kz; however, the azimuthal wavenumber m can have an arbi-
trary magnitude. The assumption of small axial wavenumber makes it
possible to apply the theory of successive approximations with account
for the small values of the first order in kz in the expressions for the
electromagnetic wave fields. This results in deriving the dispersion
relation (25) which has the form typical for coupled waves. In the pre-
sent case, these coupled waves are ordinarily and extraordinarily polar-
ized electromagnetic waves, which are known to propagate
independently in the limit kz ! 0, in which they are surface flute
waves.1 They are weakly coupled by the small axial wavenumber kz.
Applicability of the theory of successive approximations for
studying the long-wavelength wave beam excitation is demonstrated.
The dispersion relation, which describes the initial (linear in respect to
the wave amplitude) stage of the wave excitation, is derived. The exci-
tation is caused by efficient beam-wave interaction. The model of the
electron beam as a flow of oscillators is applied.14 The wave growth
rate which is the positive imaginary part of the complex frequency
arises due to existence of resonant denominators in the expressions
(17)–(19) for the permittivity tensor. These resonances correspond to
the harmonics of electron cyclotron frequency.
The dispersion relation is analyzed numerically. The influence of
the beam-plasma waveguide parameters on the wave growth rate is
studied. In general, increasing axial wavenumber results in decreasing
the maximum growth rate and increasing the plasma particle density
and plasma column radius for which the waves are excited most effi-
ciently. The influence of the axial wavenumber on the wave growth
rate increases with decreasing beam particle density and azimuthal
wavenumber, and decreases with decreasing the external static axial
magnetic field and gap width within which the electron flow gyrates.
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The results obtained in this paper are of interest for plasma electronics,
in particular, for solid state electronics.3
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